CALCULATION OF THE ELECTROSTRICTIVE EFFECT IN
PRESTRESSED FERROELECTRIC CERAMIC SHELLS UNDER
HARMONIC EXCITATION

V. M. Bogomol'nyi UDC 534.1:539.3

When a strong constant electric field acts on a ferroelectric ceramic in the nonpolar
phase polarization occurs in the ceramic and a substantially weaker electric field excites
harmonic oscillations [1]. The use of an electrostrictive ceramic ensures a linear (anhys-
teretic) dependence of the mechanical deformations on the electric field, which is important
in the construction of adaptive optical systems and micropositioning device [2]. Interest
in electrostrictive ceramics has also been stimulated by the possibility of creating stable
forms of parametric oscillations [3, 4].

As follows from experiment, when a ferroelectric ceramic is compressed in the direction
perpendicular to the polarization vector the electromechanical force factor increases 1.8-2
times. For this reason; as well as in order to expand the range of operating frequencies
and to increase the strength, the ferroelectric ceramic is reinforced with metal which pre-
stresses the ceramic. Preliminary mechanical forces of one-third to half the operating load
are produced during the fabrication of piezoelectric converters.

We consider a cylindrical shell of ferroelectric ceramic, onto which a thin metal shell
is fastened as a result of a temperature difference. A preliminary normal contact pressure

qn = const arises between the layers in the process. Alternating electric potentials V=

Vo exp (iwt) (V > V) besides constant potentials V, are applied to the outer surfaces to
the ferroelectric ceramic with coordinates z = *h/2 (h is the thickness of the shell).

1. The electrostriction equations in terms of the periodic mechanical deformations and
electrical quantities have the form [1]

E E E -
&) = $1101 + $120; + $1303 + 20, £3k,
_.E E E 20. % Z:
€y = $110y + 81207 + 81303 + 20, E;3E],

g, = sf;, (0, + 0,) + 33E303 + 2011_E_3'E’3,

(1.1)

where €4 (i =1, 2, 3) are the strains in the directions of the unit vectors T,, T3 and n
(see Fig. 1); oj are the mechanical stresses; s;4iE are the elastic susceptibilities of the
ferroelectric ceramic; E; = E3 + E3 (E; and E3 are the constant and alternating components
of the electric field, E; >>E3 ; and Q,;; and Q;, are the electrostriction constants.

A constant normal contact pressure ah acting on a ferroelectric ceramic shell produces
initial compressive, radial G;, and circumferential G, stresses, which can be determined by
the methods of the two-dimensional theory of elasticity [5]:

- 4R ) = ~ (1 (1.2)
0'2=-——h—(1 +‘2—}—2), 0'3='—‘q'n('§+-2‘).

Here R is the radius of the middle surface; and G, are the stresses averaged over the thick-
ness. The mechanical stresses 0;(i =1, 2, 3) consists of constant and variable components oj = 0j +

03/ where the variable stresses o; depend on E;, Gp, dpn and are determined here (first the
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electrostatic problem, and then the dynamic problem, is solved [6]). Harmonic excitation

produces an additional variable normal pressure g, on the surface in contact with the metal;
this pressure depends on the amplitude of the radial displacements and the rigidity of the
shell.

(o) _

We write the circumferential strains of the metal shell as [5] &€, 2M/EM = W/Ry
(G,M/Ey = W/Ry are the dynamic tensile stresses, the elastic modulus, the radial displace-
ments, and the radius of the middle surface of the metal shell). From the relations above

if follows that dn = EmhyW/R§ for o,y = quRM/hy (hy is the thickness of the metal).

From the first two equations of (1.1) we have

~

Oy = —ET'_:—_(SI + pe; — E3)

o "E—U_T)(Sz'FHEl"—Es) p=—sn/sh (1-3)

53 = qn (1.2 + z'h), Es = (1 + H)(2012E3E3 + 313‘73)-

The strain distribution along the thickness of the shell is defined by the Kirchhoff—Love
hypotheses [5]

§ (1.4)

(0} i
+ 2Ry, 8 =&y ) + 2K,

& =8

(el(o) and 52(0) are the strains of the middle surface of the shell, and %; and agtare the
changes in the principal curvatures of that surface).

The relations {7, 8]

Ey=EQ + 2B, Ey= E{" + 2B, By = —2Vh, By = — 2V n (1.5)

which are analogous to (1.4), can be taken for the electric field strength in the ferroelec~
tric ceramic. The formulas for the constant coemponent E; ') in the case of electrostatic ex-
citation are given in [6], which also contains Es(l)

The electric induction Dy is determined with allowance for (1.1)-(1.5) in terms of the
mechanical strain tensor from the expression for the derivative of the internal energy, where
electric field strength is the independent variable [1, 9]:

Dy = {333 - 1012(‘9(0) + Zgél)) [2012(5(30) + zz(gl))(ci + 51E2) +
+ 200ty (B5” +2E°)] — 204, (BS” + 2E0) [40,, (B + 2BV E, +
+ 200 (ES” + 2E) eI (EP + 2ER) + [20,, (B - 2EP) (¢, + ¢5) +
20 (B + 2EP) 5] [ + o9 + 200, + )] + (1.6)
+ [40 (E® + 2EV) CE, o+ 2011033 (£ + z:EM)] x

sE
x{ <1” )[ W (e 4 e7) + (1 + )z (%, + ) — 2B, ] —

~ 1 -— - ~ ~
— 55 (5 + %) + 200 (B + 2EP) (5, + :50))
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The D; distribution is in the nature of the skin effect near the electrodes and in the
rest of the shell D; is virtually constant over the thickness [8, 10]

Setting the terms with z equal to zero in (1.6), we obtain

EQ = (E,B, + B B, + E{VB,)/A,; (1.7)
4, = &5y — B, (E{"/2, Ey = EVELE, (1.8)
B, = 16Q;, [le(ci + Cﬁ) + Qucfs + + ) ﬁY]

By = —2(%; + %) [0 + Py(1 4+ wj+ 28(0)

?

By=2(el” + & )la + By (1 + ) — eé“’—,%—‘“ﬁ(vsi + S53)

13

E
8
& = Qn("ﬁ + cfz )7 p= 9012"?3 + QIICSESv == T ”)- (1.9)
The value of Ea(l)'

is determined from the formulas [6]

R W L)) + (EBS)" 2330, (201,075 +

w[B (e, o)+ (EQ ) C(2a)]
- - E +
A=un [012 (Cfl + sz) + anfa + 313( 012 113 511633)]
11 -
B (&, Eé'”) eas + (81 + &) [Qp (el + c2) + Quieln] +

(1.10)
+ ) 1__ )(2019013 + 011033)(8(0) + Séo) + ‘-]nsfa)v

z‘(‘}n) = = 8012 (Cn + Cﬁ) - 80110120;53 - 30116:?3 - 4012(5%;3 —
6s E

139 (9012013 + Qucaa) + 333% 3011012"13 + 5 011033
11 (1 - )

Oncfa)]

In (1.10) *,, 51( )’ and T ( ) are found from the electrostatic solution [6].
Substituting (1.4) and (1.5) into (1.3) and expressing the forces T; and T, at the times

M; and M, in terms of the integrals of o; and 6, [5], we obtain the following electroelasti-
city relations:

Ty =Dr(e” + pe® —E”), T, = Dr(el” + pei® — E5°);

(1.11)

M, = Dy(%, + png) -+ My, M, = = Dy (%g + wuxy) + My, (1.12)
Drm— Dy — o B = (1 +p) (20 EPEY _s_._f?';")
TEEG—S T 2R -y . 2 )

M, = 02 (sEgn — 204, B ELPR)/M25T (1 — ).

2. The equations of motion of a cylindrical shell of a ferroelectric ceramic with allow-
ance for the prestressing have the form [11]

AT/ ds — TEAW?™/ds = — AU, dN%/ds — T — g = — W™

~ - ~ - » (2.1)
dM*®/ds — T,y dW"/ds = N,, s = s/R, (2.2)
T8 — TyDy (i=1, 2), M®=M/RDy, T; =

= gn (2R + R)/(— 2D7), Tyy = T5h/2R,
U" = U/R, W* = WIR, q=q,RIDy = EyhyW*/Dyp, b = ko o*R* Dy,
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TABLE 1

No. of | Excitation . Coefficients Deflection [Right sideJ
variant | frequency, | N/m?2 of Eq. (2.4) we|y_o |of Eq. (2.4)
Hz o | a
1 0 108 0,269-105 0,29-10* | —0,156-10-5 0
2 50 107 0,161-10% 0,29.10% | —0,195-10-4 —0,17-10-¢
3 30-103 0 0,907 0,11-10% ——0,308-10‘3 —0,61-10-1
4 fp = 31,0-10% 0 0,954 0,10-10% | —0,258-10-?] —0,65-10-1
5 30,0-108 106 0,269.10° 0,196-10% | —0,310-10-4 —0,611-101
6 fp = 31,5-103 108 0,269.10° 0,243-10% | —0,192-10-3| —0,67-101
7 30,0-103 107 0,161-104 0,23-10¢ | —0,106-10% -—0,61-10-
8 fp = 32,0-10° 107 0,161-10¢ 0,216-104 —0,15-10-3] —0,70-10-%

where s is the linear coordinate in the axial direction; R is the radius of the middle sur-
face of the shell; U and W are the components of the displacement vector of the middle sur-
face in the direction of the unit vectors 1, and n (see Fig. 1); N;¥ = N,/Dy are transverse

shear forces; p is the density; and T,H are the prestressing forces.
We express the strains of the middle surface in terms of the displacement [5]

£ — qUds, &P = W/R, w, — — &W/ds? (2.3)

0).

(%,

The system of equations (1.11), (1.12), and (2.1)-(2.3) is reduced to the fundamental
equation

AWt + a, d*WWds* 4 a, d2W/ds? -+ a,W" = §,
ak=d(Ty —p, +1) —ARDy — T5yRDr —a + c —e,
e =d[h+ p(h—1)+ T3 + D] +
+ RDy [M (T3 — 1) + (1 — W) (1 + w) + uT3] +
+ EyhyR —A{@a —c +¢), k= Dy/R + b,
‘13]ﬂ = ARDTE:; (le)v E3 (012) =2 (1 + _u) 012E:(30)E§0)7
@ =h3sTyEbu/(1251, (1 — p) R), b= h*Qy, (E5")* x
X [o+ By (1 + wl/(34,RsT; (1 — p)),
—_ Q0 (EL ) Byl (575 1 553) _ 1Qu BV ES
- 3R ASE (1 —p) T B4R u—p)
— h3012§§0) _E:(sl) Eyhyp (W% + S3E:«x)
64,57 (1 — 1) By

sEE n
1323’;”(1 + ).

(2.4)

oo + By (1 + )],

e

1 fk = kRDTEa (Qm)s

By =+

The constants a, B, Yy, and A, are determined by Eqs. (1.8)-(1.10). TFor the case of axi-
symmetric free oscillations of the shell we adopt the boundary-value conditions

M I 0. (2.5)

S=SO/2 =

=N§‘[

~ ~ ~ ~
s=s./2 s=3,/2

Corresponding to the first two conditions of (2.5) are the equations

Dyd?w | RSEERWR hPQ EOED
— iz =2
F L2Rs® (1—p) 65 (1—p

3. E
h S1aE i —

Dy rr | _0uB g
R 45 12}?Msf1(1——p) LN

Gsfl d—p) ds
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(o) (0)

are virtually constant along the length of the cylindrical shell; hence we assume E (1) to

be constant in the expression (1.7) for Es(l) and the function dE3(1)/dS from (1.7) is
determined from

The changes in the curvature x; and strains ¢, and €, in the case of electrostatic loading

dEM
Al—f=b 2—~[a+5v(1+u)1+
~ 2.6)
d &0 E d£ = (0) de (0) (
+2 (sls+s3a)}+ﬁ“’{2( - SR

e E_}
"‘j‘ls_ Mlmﬁ(\’sm + 333)}

Here the constant A, is found from (1.8). From (1.11) with allowance for (2.3) we express
Tl in terms of the displacements

Ty = dUH/d;'*‘ P‘lWH — E;(Qr), E3(Q) = (2.7)
=20, (1 + WEPEY.

From the boundary condition T,H(§ = §,/2) = 0 with allowance for (2.3) and (2.7) it fol-
lows that d2UH/ds? = —p,dwl/ds, for § = §,/2 and (2.6) takes on the form

dE( 3
W DY 5.0 [‘ ewe

o~ (1 + wi + Bt B (Ysls + 333)}

. WH M
+ Eé"d—d;— {2(1 — ) o+ Br (1 + Wl — RMMﬁ(Ysi‘ + SsEa)}-

The last boundary condition of (2.5) gives a third equation for determining the constants
of integration:

(D —FbR)dﬁyﬂ
R d~4

+ {2RDy (0 — 1 + pp) — Evhou [SEDr (1 + ) — 2R] — 2hdp ) W™ =
= [(u — 1) RDp — Ad] E4(Q},)-

— } — 27 B
+-[a-—c—-—d+e-—T?(l)RDT—d(T’;——pl)]dd—gz—-i-

The solution (2.4) is obtained from an analysis of the roots of its characteristic equa-

tion
(2.8)
8 + axt + a2 + a3 = 0.
1/2

By means of the successive exchanges X = y; . V1 =y — a;/3 we find the cubic equation y*® +
py +q =0, p=a, —a;?/3, ¢ = a; — a,a,/3 + 2a3}/27 from (2.8).

When the parity and symmetry of WH relative to the origin § = 0, located at the center of

the cylindrical shell (see Fig. 1), are taken into account one solution of (2.4) at given
relations of the coefficients a1(1 =1, 2, 3) has the form [12]

W = Cych (z,5) + Cychascosps + Cyshassinps + -;f-,
3

~By3, 7 _ (_ + Va 22—!—b )1/2, (2.9)
)2, 4 = (—q/2 +V Dy*3, —q/2 — 1/ DY,
D = (pl3)® + (@/2)%,

where x; is the first root of the characteristic equation [in the case of negative radlcand
=(y —a; /3)1/2 the function cosh [x;|s instead of cosh x,S, and at other values of o and B
the solution (2.9) is expressed in terms of hyperbolic instead of trigonometric functions].
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For a shell made of a ceramic of the TsTSL type [reinforced with a metal layer of thick-
ness hy = 0.2 m, having an elastic modulus By = 2.1- +10%! N/m?2], with the geometric parameters
R=16mm, h=3mm, s, =32 mm, and Q;, = —1.3:107*% m?/V2? at V = 1.5 kV and V = 300 V the
results of calculations at various frequencies and values of g, are given in Table 1, from
which we see that prestressing force g, only slightly increases the resonance frequency of
the metal-ceramic shell and in the case under consideration decreases its displacement wH by
an order of magnitude (variants 4, 6, and 8). For variant 2 (at 50 Hz) the derivatives of
wH are d2wH/ds? = 3.95-107¢, d*wH/ds* = —5.51-10"13, and d®WH/ds® = —4.72-10"'1, A compari-
son of the derivatives, the coefficients, and the right side of Eq. (2.4) indicates that the
fourth and sixth derivatives can be disregarded at low frequencies.

LITERATURE CITED

1. W. P. Mason, Piezoelectric Crystals and Ultrasonics, Van Nostrand, Princeton, NJ (1950).

2. K. M. Leung, S. T. Liu, and J. Kyonka, "Large electrostrictive effect in Ba:PZT and its
applications," Ferroelectries, 27, Nos. 1-4 (1980).

3. E. Klotinsh and J. Kotleris, "Parametric instability of acoustic waves in ferroelectric
ceramics excited by an electric field," Ferroelectrics, 69, Nos. 1-2 (1986).

4, V. F. Vzyatyshev, V. S, Dobromyslov, V. N. Kalinichev, and V. I, Kuimov, "Shielded dielec-
tric resonators with azimuthal oscillations," Izv. Vyssh. Ucheb. Zaved., Radiofiz., 30,
No. 1 (1987).

5. A. E. H. Love, A Treatise on the Mathematical Theory of Plasticity, Cambridge Univ.
Press, Cambridge (1934).

6. V. M. Bogomol'nyi, "Calculation of the electrostrictive effect in prestressed piezoelec-
tric ceramic shells of rotation," Izv. Akad. Nauk ArmSSR. Mekh., No. 5 (1988).

7. D. S. Drumheller and A. Kalnins, "Dynamic shell theory for ferroelectric ceramics,' JASA,
47, No. 5 (1970).

8. V. A. Boriseiko, V. T. Grichenko, and A. F. Ulitko, "Electroelasticity relations for
piezoelectric ceramic shells of rotation," Prikl. Mekh., 12, No. 2 (1976).

9. D. F. )Nelson, Electric, Optic, and Acoustic Interactions in Dielectrics, Wiley, New York
(1979

10. E. V. Chenskii, "Monodomain polarization of ferroelectrics with a first-order phase
transition," Fiz. Tverd. Tela (Leningrad), 12, No. 2 (1970).

11. A. E. Armenakas, "Effect of initial stresses on the oscillations of freely supported
cylindrical shells," Rakiet. Tekh. Kosmonavtika, 2, No. 9 (1964).

12. V. Z. Vlasov and N. N. Leont'ev, Rollers, Plates, and Shells on an Elastic Base [in Rus-
sian], Fizmatgiz, Moscow (1960).

155



